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ABSTRACT 
We construct a Sylow p-subgroup of the Betti-Mathieu group by characterizing 
a certain type of polynomial through the use of the trace function and a normal 
basis over a finite field. It follows from this that a complete lattice of normal 
subgroups of the Sylow p-subgroup under inclusion will be determined together 
with an explicit polynomial representation f the normal subgroups. 
[. INTRODUCTION 
Let GF(q) denote the finite field with order q =pm for a prime p and a 
positive integer m, and GF(q "*) a finite extension of GF(q) as a vector space 
over GF(q). It is well known that, tbr any function f :  GF(q '~) ~ GF(q'*), 
f can be written uniquely ,as a polynomial 
qn _ 1 
f(x) -Z  (h:r ~ (1.1) 
for every a~ C GF(qn). The polynomial of the form (1.1) is called a permu- 
tation polynomial of GF(@) if f represents a pernmtation on GF(q'~). The 
set of all such permutation polynomials under composition modulo x q'' :r 
constitutes a group isomorphic to the symmetric group on GF(q'~). If F 
is a subfield of GF(qn), then the set of all permutation polynomials of the 
form (1.1) with coefficients in F is a subgroup which is a semidireet product 
of certain symmetric groups and cyclic groups; see Carlitz and Hayes [3 i. 
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In [1], Brawley, Carlitz, and Vaughan consider an analogous ituation for 
polynomials of the form 
n-1  
f (x )  = E aixq' (1.2) 
i=0 
for each ai E GF(qn). In particular, an interesting abelian p-group was 
induced from a certain type of permutation polynomial of the form (1.2) 
in [6]. We shall see the more general form of the group in Sections 3 and 
4. Under composition modulo x q" - x,  addition, and scalar multiplication 
by elements of GF(qn), the set of all polynomials of the form (1.2) forms 
an algebra over GF(q) and is isomorphic to the algebra of linear transfor- 
mations of GF(q '~) over GF(q). The set of all permutation polynomials 
of the form (1.2) is called the Betti-Mathieu group under the operation 
of composition modulo xq" - x,  which is isomorphic to the general inear 
group GL(n, q). A polynomial in (1.2) is sometimes called a q-polynomial 
of GF(q~). 
In this paper we construct a Sylow p-subgroup of the Betti-Mathieu 
group, which consists of permutation q-polynomials of the form (2.1) below 
with each coefficient bi in a subspace of GF(q ~) over GF(q). Also, by 
investigating each coefficient of such polynomials, we will find a complete 
lattice of normal subgroups in the Sylow p-subgroup. 
In Chapter 7 of [5] we can find results concerning the basics discussed 
in Sections 1 and 2. 
2. PRELIMINARIES 
Let P~ denote the set of all polynomials of the form 
n-1  
j=0 
given in (1.2), and B,~ the Betti-Mathieu group. For an element a E 
GF(q'~), we define the trace Tr of a over GF(q) by 
Tr (a )  = a + a q + . . .  + a q ' ' - I  
If (r/, ~q, . . . ,  ~?q,,- 1} is a normal basis for GF(q n) over GF(q), then each aj in 
f (x )  has a unique expression borl qJ + blrl q3+1 9- . . .  + bn- l~  q'-~+j for some 
fixed bo, b l , . . . ,  b,~_ 1 E GF(q '~) and n -  1 + j -  j - 1 (mod n). It follows that 
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each polynomial f (x)  E P~ has the corresponding polynomial representation 
f (x)  bd? q'*~ 
j=O \ i=0 
n -1  
= (2 .1 )  
ix0 
So if we denote by An the set of all polynomials in (2.1), then An = Rn. 
A polynomial of the form (2.1) is a permutation polynomial of GF(q '~) if 
• qJ 
and only if I(bqJ)l ¢ 0 for bi = b~+~, since O?q'*')(b7 ~) = (at_j). According 
to the above facts, we can rewrite the results which have been shown by 
Carlitz [2] and Dickson [4] as follows. 
THEOREM 2.1. The algebra An is isomorphic to the set of all linear 
transformations of GF(q n) over GF(q). 
COROLLARY 2.2. The Betti-Mathieu group is isomorphic to the group 
of units in An. 
3. SYLOW p-SUBGROUP OF THE BETTI-MATHIEU GROUP 
To understand the structure of the Betti-Mathieu group Bn, it is impor- 
tant to find the structure of Sylow p-subgroups in Bn. In this section, we 
will construct the explicit polynomial representation f a Sylow p-subgroup 
of B ,  by observing and characterizing a certain type of polynomials in A., 
as earlier mentioned in Section 2. 
From Theorem 2.1 and Corollary 2.2, the Betti-Mathieu group B.  ~- 
GL(n, q), and so 
n 
IB~I = (qn _ l ) (qn  _ q ) . . .  (q .  _ q~- l )  = q . (n -~) /2  H(¢  - 1). 
i=1 
Thus, the order of any Sylow p-subgroup of Bn is q~("-1)/2 
Consider a linear map ~1¥ : GF(@) --~ GF(q) defined by Tr(x) = Y]~=on-a xq' 
for all x c GF(q'~). Then Ker(Tr) is a subspace of GF(q n) over GF(q) with 
qn-I elements. We choose an ordered basis {B0,~l . . . . .  ~n-1} of GF(@) 
over GF(q). Then there is a unique dual basis {do . . . . .  dn-l} of GF(q n) 
such that 
1 if i= j ,  
Tr(di/3j) = 0 otherwise. 
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Let V be a vector space over a field, and S C V. The linear span of 
S, denoted by L(S) ,  is the set of all vectors that are linear combination of 
vectors of S. 
If U, = L ({d i+ l , . . . ,d~- l} )  for each i with 0 < i < n -  1, then U, is a 
subspaceofGF(q  n) and U, D Ui+i for 0 < i < n -2 .  By a property of 
dual bases, 
Tr(~,Uj ) = Tr( L (~d j+ l, . . . , /3~dn-1) ) 
= L(Tr ( f l~d j+ l ) , . . .  , T r (~ idn-1) )  
=0 
for each fixed i and j such that 0 _< i < j _< n - 1. 
Z~uj c_ Ker(Tr). 
It follows immediately that 
This implies that 
LEIvIMA 3.1. I f  {/~0, - . . , /~n-  1 } is an ordered basis of GF(q n) over GF(q), 
then there is a sequence {U~ ] 0 < i < n - 1} of subspaces Ui of GF(q n) 
such that 
(a) Ui D_ Ui+l forO < i < n -  2, and 
(b) ~iUj C_ Ker(Tr) for 0 < i < j < n - 1. 
The following corollary is straightforward from Lemma 3.1. 
COROLLARY 3.2. Ker(Tr) = ~30U0. 
Let {r/,r/q,... ,rl q' '- '  } be a normal basis of GF(q n) over GF(q). Then 
the dual b,~is is also a normal basis of GF(q n) over GF(q), and so it 
can be expressed uniquely as {d, dq , . . . ,  de"- '}  for a proper d E GF(q~). 
n--1 Consider polynomials of the form f (x )  = ~*=0 a, Tr(~¢x) c A~. If we let 
b i = a i - d q• for every i, then the above polynomials can be written by 
n- I  n - I  
I(x) = + E 
i=0  i=0 
n - I  
= x + ~ b~ rl~(~q'x). (3.1) 
i=0  
Wc define Pn to be the set of all polynomials of the form in (3.1) such that 
bs E U~ for each i = 0, 1, . . .  ,n - 1. Then, we assert hat Pn forms a Sylow 
p-subgroup of Bn under composition modulo xq" - x. 
First, we need to show that every polynomial in Pn is a permutation 
polynomial of GF(qn). It is noted that Un-i = {0}, so we assume that 
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n -2  
f (x )  = x + }-]~s=o gs(x) E Pn, where each gi(x) = bs Tr(r/q'x). Since each 
Tr(biq q') =0 for a l l j  <_i, wehavegsogt  =0wi th  0< s <t  <n-2 .  If 
we write fs = x + gs for each i, then 
f0 o f l  o . . .  o fn -2  = (x + go) o (x + gl) o . . .  o (x + g~-2) 
n-1  
=X-F~ ~ .qkl o...ogk, 
j= l  0<kl<k~<.. <k~<n-2 
n-2  n - I  
i=O j=20<_k l<. . -<k~<n-2  
= f. (3.2) 
Thus, f = f0 o . . .  o fn-2.  To show that  f (x )  represents a permutat ion,  
it suffices to prove that  each fs(x) is a permutat ion polynomial of GF(q'~). 
We need the next theorem, which has been shown by Dickson [4]. 
LEMMA 3.3. Let a and b be any two elements in GF(qn). Then a poly- 
nomial of the form f (x )  = x + a ~Pr(bx) is a permutation polynomial of 
GF(q n) if and only i fTr(ab) • .-1. 
From (3.2) and Lemma 3.3, T r (b , ry )  = 0 implies that  every polynomial 
f (x )  in P~ represents a permutat ion on GF(q~). 
To prove that  Pn is a group, it suffices to show that  Pn is closed under 
composit ion modulo x q'' - x. However, for the future work related to this 
section, we shall check all axioms for Pn to form a group in B,,. For an,,, 
two f (x ) ,g (x )  E Pn, let f -- f l  o . . .  o fn-2 and g = go o . . .  o gn-2 with 
f , (x)  = x + as Tr(rlq'x ) and 9s(x) = x + b iT rOyx  ). Since both f (x )  and 
g(x) E PT,, as and bs are elements in Ui and 
n-2  
f o g(x) = f(x) + ~ f(b,)Tr(rlCz) 
n--2 
= x + ~ [as + f(bd] Tr(rlCx). 
i=0 
Clearly ai + f(b~) E Us, and 
Tr{[as + f(bs)]rl q' } = Tr(a,  rlq' ) + rrr[f(bi)?'lqJ] 
= Tr [f(b,)rl q' ] 
= Tr(birl q' ) 
=0 
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for all j ,  0 _< j _< i. Thus, f o g(x) 6 Pn and the induced operation on Pn 
is well-defined. 
Next, f(x) = x if and only if all bi = 0, and so f(x) = x represents a
unique identity permutation in Pn. We have f -1  = [f0 o . . .  o f,~_2] -1 = 
fn_12 o . . .  o f  0 -1 and it is unique in P~, since each f i - l (x )  = x-  bi Tr(~Tq'x) 
and is unique in Pn. Hence, Pn forms a group in Bn. 
To show that  Pn is a p-group, consider a polynomial of the form 
n--2 
f(x) = x + ~ g,(x) (e Pn) 
i=0 
for each gi(x) = biTr(oq'x). Let g = go + gl + "'" + gn-2. We define 
the order Ifl of a polynomial f(x) 6 An to be the least positive integer r 
such that  the r-fold composition f(r) of f(x) is equal to x, as an identity 
permutat ion polynomial of GF(qn). We assume that  the order of f = x + g 
is equal to some positive integer r. That  is, Ifl = r. Since x and g are both 
linear transfomations of GF(q n) over GF(q), 
= + a)  
= x + g + g(2) + .. .  + r -- 1 g(~-l) + 
= (3 .3 )  
So 
f ( r ) -x :  (~)g+(r2)g(2)+ ' "+( r : l )g (~- l )  
If we define 
g (° )=x  and A=~-~(k)g(k - i )  , 
k=l  
then 
n-2  
/=0 
n -2  
= 
+ g(~) -- O. 
i=0 
f(x) C Pn implies f(r)(x) C Pn, whence f(r) = x if and only if A(bi) = 0 
for i = 0 ,1 , . . . ,n  - 2. Clearly, A(b~_2) = rbn-2. So, if b~-2 ~ 0, then 
r - 0 (mod p). If not, then we have rbn-3 = 0 by substituting bn-2 = 0 
into A(bn-3). Hence, by repeating the same argument up to i = 0, all 
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b~ = 0 if r ~ 0 (mod p). Thus, assuming all bi ~ 0, we have r -- 0 (mod p). 
If we use the above argument again, then we can see that 
(~) - - -0  (mod p), l<_ j<_r -1 .  
[t follows from this that the order of f (x )  E Pn must be a divisor of p°, 
where a = mn(n  - 1)/2. Clearly, IP~] = Iu01" '  Iu~-~llu~-ll -- qn(,~-l)/2. 
Thus, we have completed the proof of 
THEOREM 3.4. P,~ is a Sylow p-subgroup of Bn under composition mod- 
ulo xq'" - x. 
In Section 2, we saw that Bn ~ GL(n, q), the general linear group of all 
n × n invertible matrices with entries in GF(q) with the operation of matrix 
multiplication. Since the special linear group STL(q,n) of GL(q,n) is a 
Sylow p-subgroup and any two Sylow p-subgroups contained in either B~ or 
GL(q, n) are conjugate, the following result can be easily derived from this. 
COROLLARY 3.5. Pn "~ STL(n, q). 
EXAMPLE. Consider a finite field GF(q ") with p = 3 and n = 3. Let a 
be a primitive lement of the finite field. Then Ker(Tr) = {0, a °, a 4, a 1°, a 12, 
a13, a17,a23,a25}, and {a,c~3,a 9} is a basis for GF(33) over GF(3), and 
also a self-dual basis over the field. For 0 _< i <_ 2, we define Ui = 
{xoa + x la  3 + x2a 9 [ (Xo,Zl,X2) E [GF(3)] 3 and zj = 0 for all j <_ i}. 
It is noted that aUo = ger(Tr), a3U1 = {0, a12,a25}, and a9U2 = {0}. 
Thus, {0} C U1 C U0 C GF(33), as written in Lemma 3.1. This implies 
that P3 = {f(x) = x + boTr(ax)  + bl Tr(a3x) ] b0 c U0 and 51 E U1} is a 
Sylow 3-subgroup of the Betti-Mathieu group B3. 
4. A COMPLETE LATTICE IN Pn 
Consider a sequence of subspaces of GF(q n) defined in Lemma 3.1: that is, 
{0} C Un-2 C U~-3 C ... C Uo C GF(q~). 
Throughout he rest of this paper, we define a polynomial wi(x) to be 
n--2 Tr(z/q'x) for every i. Let f (x )  = x + ~-~i=o b, wi(x) be a polynomial of P.. 
Then b~ E Ui and wi(bj) = 0 for all j _> i. We define a set 
Hi = {h(x) = x + awi(x)  ] ~ E U,}. 
LEMMA 4.1. Hi is an abelian p-subgroup of Pn with [Hi[ = qn-~-l  for  
each i, O < i < n -  1. 
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Pwo.f. Clearly, Hi < Pn. For each fixed i, choose any two h(x) = 
x + aw~(x) and T~(x) = z +/3wi(x) in H~. Then 
h o ~ = (x + ~.~) o (z +/3.~)  
= x + awi+/3w~ + aw~(/3)w~ 
= • + ( ,  + #)w~ 
= -h o h 
Thus, a +/3  E Ui and h o h = T~ o h implies that each Hi is an abelian 
subgroup of P,~. Clearly, [H~[ = [U~ I = q,~-i-1 for each given i. • 
REMARK. H0 is a norinal subgroup of P, .  
Let h(x) = x + awo(x) c Ho. We choose an arbitrary polynomial f (x)  = 
n-2  x + ~~i=o aiwi(x) C Pn. Then 
f oho f -1 = f o[(x +awo) o f -1] 
= f o ( f -1  + aw0 o f - l )  
= x + f (a )wo 
CHo,  
since f (a )  E U0. 
Next we will construct the subgroups of Pn by investigating certain 
relationships among Ui's. Let Ui be a subspace of U, and Uj a subspace of 
Uj for each fixed i and j with 0 _< i < j _< n - 1. Thcn we define two sets 
Si and Sj to be 
Si = {f(x) = x + (xwi(x) I ~ e u,  c_ u,}, 
s~ = {f(=) = ~, + ,~j(=) I/3 e v~ c u~}. 
LEMMA 4.2. 
(a) 5"isj < P.  if{ either ai c_ aj or Uj c Ui. 
(b) S~$3 is abclian in P,~ iff either U, C_ U~ or Uj = {0}. 
Proof. (a): It is noted that Si and Sj are both abelian subgroups of 
Pn and each element of SiSj can be written as x +awi  +/3wj for a E U~ 
and/3 E Uj. For f = x + cxwi +/3wj and g = x + a'wi +/3'wj E SiSj, 
f o .q = x + [~ i  + ~ '~ +/3~j(,~')~l + (/3~j + ;3%) 
--  ~ + [~ + W + ~j(~ ' ) ]~ + (s +/3 ' )~ j .  
If SiSj < Pn, then /3wj(a') E Ui for any pair of a '  E Ui and /? E Uj. So 
either /3 E Ui or (~ E. Uj. If not, then we can choose an element /3 c Uj 
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m m 
such that  fl E U~ \ U~. But rfl ¢ U~ for any nonzero r c GF(q), since U~ is a 
subspace of U~. Since a '  and/3 were arbitrary, either U, C_ Uj or U3 C U~. 
On the other hand, wj(c~) = 0 for all a E U, C_ Uj. Since U~ is a subspace 
of U, and U; is a subspace of Uj, we have a + a '  G U~ and /3 + fl' G U~ 
'['his says that  S~Sj is a subgroup of Pn. The other case is easy. 
(b): From the above equation, f ~ g = g o f if and only if fl,w;(a') = 
,3'wj(c,) ~ U, for any a ,a  ~ G U~ and any ~,[3 ~ G Ua. Then either a and 
,~' • U~, or U3 = {0}. From (a), ifU~ ~ U~ and Uj ¢ {0}, then we can 
choose elements a • U~\U j  such that  w3(c~) ¢ 0. So, if ~3 and ~q' are 
distinct elements of Uj, then/3wj(a)  = $'w;(c~) implies that /3  = ~3'. This 
leads to the contradiction. Thus. either U~ = {0} or Ui C Uj if S~S~ is an 
abelian subgroup of pn. 
The converse is clear. • 
- -  m 
LEMMA 4.3. If Uo C_ U1 C . . . .  Z Uj for 0 <_ j <_ n - 1, then G = 
SOS1".. ,~ is an abelian subgroup of Pn. 
i ~ U-~i}. Choose Proof. It is clear thatG= {f  =x+~,=0a i  i l a ,  6 any 
two f (x) ,  g(x) in G and let f = x+~=oC~o,,, and g = x+~=o[J~w,. Then 
fog : fo  x÷ 9~o:, 
i=0  
3 
= f + ~ f(/3,)co, 
i=(} 
J 
i=0  
t = x+ cx~+,(~, + 
~=0 O<~<k<_ j  
~*koJk('&)) ~,. (4.1) 
m 
For each k with 0 < i < k < j ,  we have wk('3,) = 0, since 13i E Uj from tile 
given condition. Clearly, a i  +L~i E U, for every i. Thus fog  E G, and so G 
forms a group in Pn under composit ion modulo xq" - x. It  is easy to show 
i that each coefficient of w, in g o f becomes c~i +/3i + ~-~o<_i<_k<j ~kwk(a~) 
from (4.1). Since the last term of this coefficient is equal to zero, the proof 
is complete. • 
i THEOREM 4.4. Let Nj = {f  = x + ~=ob~w~ ] b~ C U3} for each fixed 
j, 0 < j <_ n - 1. Then each 1~ is an abelian normal subgroup of the 
Betti-Mathieu group. 
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Proof. By Lemma 4.3, Nj is an abelian subgroup of Pn. 
Next, we need to prove that Nj is normal in Pn. For each fixed j, 
let Si = {h = z+b iw i  [ bi • Ui = Uj}. It follows from Lemma 4.2(a) 
that Sj < Pn. It is noticed that Nj  = SoS1. . .S  i. For convenience of 
computation, we set Gi = SoS1 .. .  Si for 0 < i < j. 
~--2  For an arbitrary polynomial f (x )  • Pn, we will write f = x + ~-~k= o akwk. 
By induction on i with 0 < i < j, we have fohof  -1 = x+f (bo)wo for i = 
0, since wo(ak) = 0 for all k. ~ is true that f(bo) = bo + ~-~+1 akwk(bo). 
Each akwk(bo) • Uj for j + 1 _< k _< n -  2, and so f(bo) E Uj. Thus 
f o h o f -  1 • Go for arbitrary choice of f • Pn and h • No = Go. This says 
that Go is normal in Pn. For i = 1, GI = SOS1. In the same way, for any 
f • Pn, f o h o f - I  = x + [f(b0) + f(bl)wl(ao)]wo + 2f(bl)Wl • G1. Thus 
GI is normal in P~. 
Suppose that Gi is normal in P~ for all i, 0 _< i < j. Consider a group 
Gi+l = GiSi+l. It is not hard to show that each element h • Gi+l can 
be written as 7r + bi+lWi+l for some r • Gi and some bi+l • Ui+l. For 
f • Pn and h • Gi+l, then f o h o f -1  = f o (rr + b~+lW,+l) o f - I  = 
foTro f  - I  q-f(bi+l)Wi+l of  -1. By our hypothesis, fo r ro f - :  • G~, so we 
can rewrite that as x + eowo + • • • + eiwi for some suitable e0, • • •, e, • 
Uj. Since w,+l(ak) = 0 for all k with i+  1 _< k _< n -  2, we have 
COi+ 1 0 f - I  = t .~i+l  0 (X -- a i• i )  o . . .  o (X  - -  go~,dO) = ~.Oi+ 1 o A for some 
A = x + e'oWo + . . .  + e~wi • G,. Then 
i 
: o h o : -1  = x q- ~ [ek q- :(bi+l)COi+l(elk)]wk q- :(bi+l)Wi+l. 
k=O 
Since each coefficient of wk belongs to U3 and f(b~+l) E Uj, we have 
f o h o f -1  E Gi+l. Thus G~+I is normal in Pn. This proves inductively 
that Nj is a normal subgroup of Pn for every j, 0 < j < n - 1. • 
From Theorem 4.4, if we set Lj  -- NoN1 •. • Nj ,  0 < j < n - 1, then each 
Lj is normal in pn. 
C = {Lj I 0 < j < n -  1} is clearly a partially ordered set under 
inclusion, by our construction of each Lj. Since every pair of Lj 's in C 
has both a greatest lower bound and a least upper bound, C becomes a
lattice. Every Lj has both a glb and a lub in C, and so C forms naturally 
a complete lattice of Lj's under inclusion. 
For each fixed j with 0 < j < n - 1, we assert that there is no proper 
abelian subgroup of Pn properly containing Nj. Since each Nj is normal by 
Theorem 4.4, we can easily see that the maximal abelian normal subgorups 
of Pn are  N(n_2)/2 if n is even, and either N(n-D/2 or  N(n_3)/2 if n is odd. 
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Suppose that  there is a proper abelian subgroup H of P,~ properly con- 
taining Nj.  Then we can find an element a c Uo \ Uj with wj(c~) ¢ 0, and 
a c Uk if k satisfies 0 < k < j. Choose f (x )  = x + bowo +. . .  + bkwk + bjwj 
and g(x) = x + bowo +. . .  + c~wk + bjwj in H for nozero elements b0 . . . .  , bk. 
bj E Uj. Then fog  = gof  implies that  bk + f(c~) = ~+g(bk) .  So 
bjwj(c~) = 0. That  is impossible, since wj(c~) ~ 0. 
If k satisfies j < k _< n - 1, then choose nonzero (~ E Uk and b0 . . . .  , b 3 c 
U 3 \Uk so that  wk(b~) 7~ 0 for r = 0, 1 , . . . , j .  If f (x )  = x+bowo +. . .+bgwj  
and g(x) = x+bowo+. . .+b jwj+c~wk,  then f (x ) ,g (x )  E H and fog  = go f 
implies that f(b,.) = g(b~). Thus, awk(b~) = 0. It is also impossible, since 
,~k(b~) ¢ o. 
According to the above facts, there is no such subgroup H of P~. This 
completes the proof of the next theorem. 
THEOREM 4.5. Let GF(q n) denote a finite extension over GF(q), and 
Lj = NoN1 ""  Nj ,  0 <_ j <_ n - 1. Then: 
(a) Each Lj is a normal subgroup of pn. 
(b) {Lj  I 0 < j < n - 1} forms a complete lattice under inclusion. 
(c) The maximal abelian normal subgroups of Pn over GF(q) are N(,~-2)/2 
if n is even, and either N(n-1)/2 or N(n-3)/2 if n is odd. 
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